




















Optimal quantum chain communication by end gates
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The scalability of solid state quantum computation relies on the ability of connecting the qubits
to the macroscopic world. Quantum chains can be used as quantum wires to keep regions of external
control at a distance. However even in the absence of external noise their transfer fidelity is too low
to assure reliable connections. We propose a method of optimizing the fidelity by minimal usage of
the available resources, consisting of applying a suitable sequence of two-qubit gates at the end of
the chain.
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Introduction:— It is often noted that the advantage
of solid state computation is its scalability. This is be-
cause a typical chip can contain millions of qubits and
because the fabrication of many qubits is in principle no
more difficult than the fabrication of a single one. In
the last couple of years, remarkable progress was made
in experiments with quantum dots [1] and superconduct-
ing qubits [2]. It should however be emphasized that for
initialization, gating and readout, those qubits have to
be connected to the macroscopic world. For example, in
a typical flux qubit gate, microwave pulses are applied
onto specific qubits of the sample. This requires many
(classical) wires on the chip, which is thus a compound
of quantum and classical components. The macroscopic
size of the classical control is likely to be the bottleneck
of the scalability as a whole.
In this situation, quantum chains may turn out to be
extremely useful in order to keep some distance between
the controlled quantum parts. They consist of lines of
coupled single qubits without external classical control.
In many cases, such permanent couplings are easy to
build in solid state devices (in fact a lot of effort usu-
ally goes into suppressing such couplings). We imagine a
setup for a quantum computer similar to the scheme of
Fig. 1. It is built out of blocks of qubits, some of which
are dedicated to communication and therefore connected
to another block through a quantum chain. Within each
block, arbitrary unitary operations can be performed in
a fast and reliable way (they may be decomposed into
single and two-qubit operations). Such blocks do not
currently exist, but they are focus of much work in solid
state quantum computer architecture. The distance be-
tween the blocks is determined by the length of the quan-
tum chains between them. It should be large enough to
allow for classical control wiring of each block, but short
enough such that the timescale of the the quantum chain
communication is well below the timescale of decoherence
in the system.
Many interesting aspects of quantum chain communi-
cation were investigated in the last years [3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 13, 14, 15] , both from a physics point
of view and from a quantum information point of view.
Here, we would like to concentrate on those schemes
[4, 5, 6, 7] which require no further resources than those
Figure 1: Small blocks (gray) of qubits (white circles) con-
nected by quantum chains. Each block consists of (say)
13 qubits, 4 of which are connected to outgoing quantum
chains (the thick black lines denote their nearest-neighbor
couplings). The blocks are connected to the macroscopic
world through classical wires (thin black lines with black cir-
cles at their ends) through which arbitrary unitary operations
can be triggered on the block qubits. The quantum chains re-
quire no external control.
outlined in Fig. 1. The chain couplings may be engi-
neered [5, 6] to improve the theoretical communication
fidelity, but coupling fluctuations and energy mismatches
will lower the fidelity in practice [8, 9, 10, 11]. Hence
even without the contribution of external noise [11, 12]
the quality of transfer may well be too low to yield a
scalable system.
In this article we will show that the fidelity can be
improved easily using the gates available in the regions
of quantum control. The main idea is to apply in cer-
tain time-intervals two-qubit gates at the receiving end
of the chain. The resulting sequence is determined a
priori by the Hamiltonian of the system. As we shall
see, the maximal fidelity that can be reached this way
is limited only by external noise, and not by the spatial
fluctuations of the couplings (cf. [11]). This is similar in
spirit to the dual-rail [11] and memory protocols [13], but
here we give a protocol that is optimal in the resources
used: a single spin chain and a two-qubit gate at the each
end. It is optimal because two-qubit gates at the send-
2ing and receiving end are required in order to connect
the chain to the blocks in all above protocols (though
often not mentioned explicitly). Our scheme has some
similarities with [7], but the gates used here are much
simpler, and arbitrarily high fidelity is guaranteed by a
convergence theorem for arbitrary coupling strengths and
all non-Ising coupling types that conserve the number of
excitations. Furthermore, we show numerically that our
protocol could also be realized by a simple switchable in-
teraction. This means that quantum state transfer exper-
iments with our protocol could be performed well before
the realization of the blocks from Fig. 1.
Arbitrarily Perfect State Transfer:— Let us now con-
centrate on a single chain from the setup of Fig. 1 and
show how the receiving block can improve the fidelity to
an arbitrarily high value by applying two-qubit gates be-
tween the end of the chain and a “target qubit” of the
block. We label the qubits of the chain by 1, 2, · · · , N
and the target qubit by N + 1. We define the states
|0〉 ≡ |00 . . . 0〉
|n〉 ≡ σ+
n
|0〉 n = 1, 2, . . . , N + 1,
where σ+
n
is the Pauli σ+ operator acting on the nth
qubit.
The coupling of the chain is described by a Hamilto-
nian H. We assume that the Hamiltonian H has a N
dimensional invariant subspace spanned by the vectors
{|n〉; n = 1, 2, . . . , N} ,
and that
H |0〉 = H |N+ 1〉 = 0. (1)
The first assumption corresponds to a Hamiltonian that
conserves the number of excitations along the chain,
which would be the case for example for a Heisenberg
or XY chain. Note that in some cases this may only be
an approximation [14]. For what follows we restrict all
operators to the N + 2 dimensional Hilbert space
H = span {|n〉; n = 0, 1, 2, . . . , N + 1} .
Note that by Eq. (1), also the space H is invariant under
H . Our final assumption about the Hamiltonian of the
system is that there exists a time t such that
〈N| exp {−itH} |1〉 6= 0.
Physically this means that the Hamiltonian has the ca-
pability of transporting from the first to the last qubit of
the chain. As mentioned in the introduction, the fidelity
of this transport may be very bad in practice.
We denote the unitary evolution operator for a given
time tk as Uk ≡ exp {−itkH} and introduce the projector
P = 1H − |0〉〈0| − |N〉〈N| − |N+ 1〉〈N+ 1|.
A crucial ingredient to our protocol is the operator
W (c, d) ≡ P+ |0〉〈0|+ d|N〉〈N|+ d∗|N+ 1〉〈N+ 1|
+c∗|N+ 1〉〈N| − c|N〉〈N+ 1|,
Figure 2: A quantum chain (qubits 1, 2, · · · , N) and a target
qubit (N + 1). By applying a sequence of two-qubit unitary
gates Wk on the last qubit of the chain and the target qubit,
arbitrarily high fidelity can be achieved.
where c and d are complex normalized amplitudes. It is
easy to check that
WW † =W †W = 1H,
so W is a unitary operator on H. W acts as the identity
on all but the last two qubits, and can hence be realized
by a local two-qubit gate on the qubits N and N + 1.
Furthermore we have WP = P and
W (c, d) [{c|N〉+ d|N+ 1〉}] = |N+ 1〉. (2)
The operator W (c, d) has the role of moving probability
amplitude c from the Nth qubit to target qubit. It can
be applied locally by the receiving block.
Using the time-evolution operator and two-qubit uni-
tary gates on the qubits N and N+1 we will now develop
a protocol that transforms the state |1〉 into —N+ 1〉.
Let us first look at the action of U1 on |1〉. Using the
projector P we can decompose this time-evolved state as
U1|1〉 = PU1|1〉+ |N〉〈N|U1|1〉
≡ PU1|1〉+√p1 {c1|N〉+ d1|N+ 1〉} ,
where p1 = |〈N|U1|1〉|2 , c1 = 〈N|U1|1〉/√p1 and d1 = 0.
Let us now consider the action of W1 ≡W (c1, d1) on the
time-evolved state. By Eq. (2) it follows that
W1U1|1〉 = PU1|1〉+√p1|N+ 1〉. (3)
Hence with a probability of p1, the excitation is now in
the position N +1, where it is “frozen” (since that qubit
is not coupled to the chain. We will now show that at
the next step, this probability is increased. Applying U2
to Eq. (3) we get
U2W1U1|1〉
= PU2PU1|1〉+ 〈N|U2PU1|1〉|N〉+√p1|N+ 1〉
= PU2PU1|1〉+√p2 {c2|N〉+ d2|N+ 1〉}
with c2 = 〈N|U2PU1|1〉/√p2, d2 = √p1/√p2 and
p2 = p1 + |〈N|U2PU1|1〉|2 ≥ p1.
Applying W2 ≡W (c2, d2) we get
W2U2W1U1|1〉 = PU2PU1|1〉+√p2|N+ 1〉.












where the products are arranged in the time-ordered way.












From Ref. [11] we know that there exists a τ > 0 such
that for equal time intervals t1 = t2 = . . . = tk = τ we
have limℓ→∞ pℓ = 1. Therefore the limit of infinite gate








|1〉 = |N+ 1〉. (5)
It is also easy to see that limk→∞ dℓ = 1, limk→∞ cℓ = 0




Furthermore, since WkUk|0〉 = |0〉 it also follows that an
arbitrary and unknown qubit at the first site,
|ψinitial〉 = α|0〉+ β|1〉,
is transferred to the last site,
|ψfinal〉 = α|0〉+ β|N+ 1〉.
i.e. an arbitrarily perfect state transfer is achieved. As
discussed in [15], this convergence is asymptotically ex-
ponentially fast in the number of gate applied (a detailed
analysis of the relevant scaling can be found in [11]).
Equation (5) is a surprising result, which shows that any
non-perfect transfer can be made arbitrarily perfect by
only applying two-qubit gates on one end of the quan-
tum chain. It avoids restricting the gate times to specific
times (as opposed to the scheme in [11]) while requiring
no additional memory qubit (as opposed to the scheme
in [13]).
The sequenceWk that needs to be applied to the end of
the chain to perform the state transfer is only depending
on the Hamiltonian of the quantum chain. The relevant
properties can in principle be determined a priori by pre-
ceding measurements and tomography on the quantum
chain (as discussed in [11]).
Practical Considerations:— Motivated by the above
result we now investigate how the above protocol may be
implemented in practice, well before the realization of the
quantum computing blocks from Fig. 1. The two-qubit
gatesWk are essentially rotations in the {|01〉, |10〉} space
of the qubits N and N +1. It is therefore to be expected
that they can be realized (up to a irrelevant phase) by
a switchable Heisenberg or XY type coupling between
the Nth and the target qubit. However in the above, we
have assumed that the gatesWk can be applied instanta-
neously, i.e. in a time-scale much smaller than the time-
scale of the dynamics of the chain. This corresponds to a
switchable coupling that is much stronger than the cou-
pling strength of the chain. Here, we numerically inves-

























Figure 3: Numerical example for the convergence of the suc-
cess probability. Simulated is a quantum chain of length
N = 20 with the Hamiltonian from Eq. (6) (dashed line)
and Eq. (7) with B/J = 20 (solid line). Using the origi-
nal protocol [4], the same chain would only reach a success
probability of 0.63 in the above time interval.
tigate if a convergence similar to the above results is still
possible when this assumption is not valid. We do how-
ever assume that the switching of the interaction is still
describable by an instantaneous switching (i.e. the sud-
den approximation is valid). This assumption is mainly
made to keep the numerics simple. We do not expect
qualitative differences when the switching times become
finite as long as the time-dependent Hamiltonian is still
conserving the number of excitations in the chain. In fact
it has recently been shown that the finite switching time
can even improve the fidelity [10].
We have investigated two types of switching. For the













where ∆(t) can be 0 or 1. For the second type, the tar-
get qubit is permanently coupled to the remainder of the








n+1 + h.c. +B∆(t)σ
z
N+1, (7)
4where again ∆(t) can be 0 or 1 and B ≫ 1. This sup-
presses the coupling between the Nth and N +1th qubit
due to an energy mismatch.
In both cases, we first numerically optimize the times
for unitary evolution tk over a fixed time interval such
that the probability amplitude at the Nth qubit is max-
imal. The algorithm then finds the optimal time interval
during which ∆(t) = 1 such that the probability ampli-
tude at the target qubit is increased. In some cases the
phases are not correct, and switching on the interaction
would result in probability amplitude floating back into
the chain. In this situation, the target qubit is left de-
coupled and the chain is evolved to the next amplitude
maximum at the Nth qubit. Surprisingly, even when
the time-scale of the gates is comparable to the dynam-
ics, near-perfect transfer remains possible (Fig 3). In
the case of the switched magnetic field, the achievable fi-
delity depends on the strength of the applied field. This
is because the magnetic field does not fully suppress the
coupling between the two last qubits. A small amount of
probability amplitude is lost during each time evolution
Uk, and when the gain by the gate is compensated by this
loss, the total success probability no longer increases.
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